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TOPICS

I.  Charged particle in electromagnetic field —
Around Lorentz equation :

= q(E +Vx B)

1. Guided and focalization magnets : dipoles, quadrupoles, multi-poles
B.(r,@)=> r"(b,sinngp+a, cosng) et B (r,p) =D r"*(b, cosnp—a, sinng)
n=1 n=1
l11. General development of magnetic field around the reference trajectory:

The magnetic field equation : B, (s) = h_lBZO (—nh*z+26Nh%xz +..)

IV. Particles motion around the reference trajectory : y"+ K (s)y = f(s)

V. Beam envelop and emittance %, y2 i Zay y'y + ,By y’2 =&, ¥
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I- CHARGED PARTICLE IN ELECTROMAGNETIC FIELD

> Einstein's mass-energy : E, = m, X c?,

with particle mass m,, speed light ¢ = 2.9979 x 108 m/s
511keV for e-, 938.3MeV for protons ...

See : http://www.nndc.bnl.gov/masses/mass.mas03

> Total energy : E,.; =y my X c2, withy = 22t = 0 = 2 =and S =2

EO my 1/:[—ﬁ (o
> Kineticenergy : E.ijy = Eror — Eo = (y — 1)myc?

Forarestparticle: 8 =0,y =1
For a non relativist particle : f <« 1,y = 1
For a ultra-relativist particle (close to speed light) : § = 1,y = oo

» Momentum:p=mv=ymgv =y myc (in MeV/c)

> Etot2 - Eoz = (y mgc®)? — (moc?)? = (y* — Dmg®c* = (By mg c)*c? = p*c?
ForE ., K Ey,y =1, we have:

pic? = Etotz - Eo2 = (Etor — E0)(Etor + Eo) = Ecin(2Eg + E¢in) = 2EoE in

2 .2 2
E. =PC¢ _YMoV _ 2 2
Therefore : E,;, 25 mocz — 2 MoV
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I- CHARGED PARTICLE IN ELECTROMAGNETIC FIELD

» Lorentz force
The motion of a charged particle in a electro-magnetic field is given by:

P~ F=q(E +5xF)

F Lorentz force in Newton

P Momentum in kg.m/s

Q particle charge (xZe) in Coulomb

E, B electric and magnetic induction (resp. V/m and T)

—

Remark : B is the magnetic induction, B = uH

H is the magnetic field (A/m)
u is the permeability of the medium (the degree of magnetization of a material in response to a magnetic
field) in henries per meter (H.m™1). More explanation in the chapter 2.

—
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I- CHARGED PARTICLE IN ELECTROMAGNETIC FIELD

» Lorentz force contribution on charged particle energy

_dp  1dp? 1 dp*c* 1 d(Ewor” —Eo®) EtordEror  dEio
P =27dc " 2¢2 dr | 2¢2 dt ~ Tz g VMo
- dﬁ - = - g > =
p.a=ym0v.q(E+va) =yqmyv.E
= =qgv.E
dt 1 !

E

For accelerate or increase the particle energy: «
> Only electric field is useful

> IfE L v, there is no acceleration
> There is acceleration only if E // ¥

Energy gain AE;,; in a static electric field is :
AE;,; (MeV) = qE [ vdt = q E Ax = q AV with AV the applied potential in MV



I- CHARGED PARTICLE IN ELECTROMAGNETIC FIELD

Example :

Considering an Electron (g = —1) and a Proton (g = 1) at Ejji01 = 0
We apply a accelerating potential to 10MV

 For both particles, energy gain is 10MeV

«  The speed gain will be:

cy =14 Fem _ gy 10 N PR
For Electron:y, =1+ moc? 1+ Sl 206and B, = |1 ik 0.9988

For Protons .y, = 1 + % ~ 1.0107 and B, = 0.145

1 ——— T 1107 1 T T

| ]
electrons= . ;
I s . ] =
; - 1-100 | electrons - =]
] Y " -

protons -~

————

= protons

ey ] !
| 1 | : { i
0 < 0.1
0 5 f1o 15 20 : PR ) 3 2
\ 1 \ll)/ ) 1_u\| 110 110
E_ Kinetic (MeV) E_kinetic (MeV)

Accelerator and structures must be design according to particle characteristics
,



I- CHARGED PARTICLE IN ELECTROMAGNETIC FIELD

. . . . . - d - —
> Particle motion in a transverse electric field : F = d—’Z =qE X E
g
0
X X0 Ex Xo = / Q>O
v=|y|,with:v=[0 ], E=[0 | att= Yo =0 y
Z Zg 0 Zy =
m x_ E
a2 15x % = L E,t + %o x = I E,t? + Xot
: asy _ : 0 0
We have : m, prod 0 , therefore : y=0 , then y =
d?z zZ =7z Z = Zyt
Mo gz = 0 i "
X = %Ext2 + vysinat
With : X, = vy sina and z, = v, cos a, then ’ y =0
Z=vgcosat
qEx 2

Particle trajectory is parabolic : x = 21 (70 05 @)

+ ztan «

y4



I- CHARGED PARTICLE IN ELECTROMAGNETIC FIELD

> Particle motion in a transverse magnetic field : X
4 X X 0
F=£=qﬁx3ﬁ=<£ywm = 0,B=<&>
Z Zy 0 0
e s
at® yB; — zBy —ZBy —wZ Y
2 —

Y 1=23xB=2|2B,—%B, |=L| 0 =< 0 )Withwz Y

dt? m m\ . . m\ . )

d?z xBy, — yBy xB, WX

dt?
With z + ix : 2259 _ (x — i2) = —iw(Z + i%), then d((zzjl;’;) — _iwdt

Solution is : z + ix = Ze 't = (Z, + iZ;)(cos wt — i sin wt)
X = vy sin(wt — a)

AF =0 7t ite 7 +i7 — o =>{,
Zy + ix r t1Z; =vycosa+ vy sina # = vy cos(wt — )

We can verify that velocity is constant : 22 + x2? = v,?
Vo COS &

_ Y _ _
X = cos(wt — a) —

Finally : 0

zZ = %sin(wt —a) +2 sin(a)




I- CHARGED PARTICLE IN ELECTROMAGNETIC FIELD

Particle motion in a transverse magnetic field is a circle

__vpcosa

Vo sin a2 Vo COs a\2 w2 2 AP . Vo P . Xe ="
(z— ) +(z— ) =-3=0p With rad|u5p=2=q?centered in: -

Vo SIN X
w w y ZC: 0

The cyclotron frequency is w = %

The revolution period is then T = 2Z = %2 = 2™

w Vo q By
The magnetic rigidity is : Bp = 5

10° P (GeV/c) P (GeV/c)

= 3.3356

Numerically : Bp(T.m) =

In the same way, we speak also about the electric rigidity of the beam with :
Bp (T m) — B 103 P (GeV/c)

Ep(MV)=——[>’

Example :12C%* at 95MeV/u : E;py = 1140MeV,Bp = 2.8772T.m,v = 12.6 cm/ns
12¢c1* at 60keV : Bp = 0.1222T.m,v = 0.098 cm/ns

Protons at LHC : 7TeV Bp = 23352.6T.m,v = 29.979cm/ns = ¢ 10



I- CHARGED PARTICLE IN ELECTROMAGNETIC FIELD

Maxwell Equations :

1. Divergence of the electric field E equals charge density p divided by €, : div E= Eﬁo

2. Divergence of the magnetic field is zero : div B=0

3. Curl (rof) of the electric field is minus the rate of change of the magnetic field : rotE = — (Z—If)

4.  Curl of the magnetic field B equals u, times current density f plus the rate of change of electric
field divided by c? : 7ofB = pof + 522

11



II- GUIDED AND FOCALIZATION MAGNETS : DIPOLES, QUADRUPOLES, MULTI-POLES

Generalities

In beam optic, we apply a analogy with the geometrical optic where light beams are
deflected by prims and focus by using focusing or defocusing lenses.

> Same approach is taking in corpuscular optic.

> Structure optics are designed in order to induce bend and focalization of the charged
particles.

> Bend and focalization can be separated or combined.
Systems with electric and/or magnetic fields around a central trajectory are realized.

> Systems ensure the transverse dimensions of the beam (transverse = orthogonal plane of
the beam direction)

A\

12



II- GUIDED AND FOCALIZATION MAGNETS : DIPOLES, QUADRUPOLES, MULTI-POLES

Generalities

It is use :

» Magnetic fields at high energy (high )

> Electric fields at low energy (low £)

In any case, feasibility and cost have to be taking into account

|E)lV/m

Fg _
B Cm/s |§|T

Fp

From Lorentz equation, we can deduce :

|E |max~105 V/cm = 107 V /m for gaps between electrodes to few centimeters

Ex: for f~1, we have B = 0.03T and for § = 0.01, we have B = 3T.

> In most circular accelerators, conventional electro-magnets (with iron) inducing magnetic
fields to |B|  ~1.8T atroom temperature are used.

> In protons or heavy ions machines at very high energy (8~1) like at LHC, we use
superconducting magnets inducing fields up to 10T.

13



II- GUIDED AND FOCALIZATION MAGNETS : DIPOLES, QUADRUPOLES, MULTI-POLES

R
—

Magnetic field characteristics in magnets

Magnet dipole
Bend with flat and parallel poles create a field B, uniform at the center in the gap
Bend can be small (for e- beam at few 100 keV) or huge (15m at LHC for protons at 7TeV)

LHC Bending magnet
p=2804m, L=15m
N=1232
Bp=23352.6Tm
B=8.33T

Iron yoke

Coil (1)

Window
shape

Structure of the yoke
give the name of bends X< I I
"3 -

H-shape

14
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II- GUIDED AND FOCALIZATION MAGNETS : DIPOLES, QUADRUPOLES, MULTI-POLES

Determination of the magnetic field B, is obtain
by the application of the Ampére theorem at (C)

: . . . . Coil (bobine) %l
circuit surrounded the two excitation coils 2
designed by N /2 conductors in which circulate a
current I. Coil ('bobinc)—%l

The gap of high g.

> In the gap, induction is H, = Length in Iron L.
0
> Inthe Iron, Hy = ? = uBL where p is the vacuum permeability (47 1077 T. A" 1m)
f T 10

and p,. is the relative permeability of Iron

Ampére theorem : ¥ 1 = ¢. H.dl = NI = gﬁGap He.dl+¢__ Hy.dl = gH, + | Hy

M =g (1+5505)

With Bs~B, (continuity of the orthogonal part of §) and u,.~103 (outside saturation) :

Ampere-turns is NI~g% , forgT,NIT,costT
0

Ex: LISE spectrometer at GANIL: NI = 0.1 X u_~1 .3510° A.t for By, = 1.7T With N =
0
160 spires, I,;,,,~8504



II- GUIDED AND FOCALIZATION MAGNETS : DIPOLES, QUADRUPOLES, MULTI-POLES

At room temperature, B, = f(NI) is not linear due to circulation of H in Iron.
Relative permeability u,. of Iron is a function to Bf (i, — 1 when B¢ T).

Permeability dependence to induction Hysteresis curve
for various steel types | Binax!| level depend to u,
18 —
c P . 2N o B (T) B
. X Z
i ™ - 2 177
7 — ——— N\ /90) '
s / /] \\\\ p 167
% ' / 4 \\\ 0:8 He 12T
e / = 107
g} / \\\f\‘\ 0 —08T
: "\ —05T
23 LA 0.6 v
\ \\ —03T
L 2 >
TNl i st H (A/m)
0.8 1.0 1.2 14 1.6 18 *:n "8 ! ! ! 1
Magnetic Induction [T] -150 -100 50 ] 50 100 150

> Yoke which channeling the magnetic flux can be realized in massive Iron or by stack of bonded
plates in order to reduce the Foucault currents produce by the B dependence to time (useful in
synchrotron)

> Ampere-turn NI are realized by the appropriated number of spires surrounded upper and lower pole
of the bend. In the precedent case, we have 2x160 conductors (Copper) are carrying by the
maximum current to 850A (equivalent maximum magnetic rigidity of the beam Bp = 4.42Tm with
dipole radius to p = 2.6m).
16



II- GUIDED AND FOCALIZATION MAGNETS : DIPOLES, QUADRUPOLES, MULTI-POLES

I

Building a bending magnet :

1. Specifications are fixed by beam dynamics : which beams ? Which deviation ? Which beam size ? ...

eX.: Bpmar = 0.84Tm, deviation angle 8 = 17.2°, curvature radius p = 1137.5mm, therefore

Briax = 0.63T, Gap = 90mm, extension of the good field zone= +35mm

Optimization (shimming of the return yoke, coils)
Mechanical conception (CATIA...), detailed drawings
Call for tender; building in company of the system
Magnetic measurements (conformity)

On-site installation and alignments (by surveyors)

+ Yokes : 560kG of Iron
« 2 coils : 105kG of Copper

Lignes de champ

R o

e L,ae = 153.84
« Spires N = 156

t"‘ il

Mr!m. n

e L

’;! Pamas-Bip Heas
| = Zomex e boa clvinp 3 Tod
——Zones de boa champ i Je-3

2000

X (em)

Magnetic study using calculation codes 2D (POISSON, OPERA2D), 3D (OPERA3D, ANSYYS)

L

%

el

B0

an

1 F

478




II- GUIDED AND FOCALIZATION MAGNETS : DIPOLES, QUADRUPOLES, MULTI-POLES

Quadrupole (2x2 poles)

Beam focalization is provide using magnetic quadrupoles (it can be also done with
electrostatic lens at very low ). There is 4 poles (North, South, North, South).

L4 Equipotential : ¢ = +gyx = cte |

fn._ & S -',lll /
) .lﬂ"::\\,\\ i ".;/;;’
\_ N |

Hyperbolic pole

X Xy = const 7
Field line : B = cte coil nl - y

o
—1 \
| \

= \/ 0 X
11
i P ah % ,I:",-—-"‘"'L— X
Y‘\_,*
an
Using F = g% x B with g# in the 0Z.
> Horizontal component of the Lorentz force bring back particles in the 0yz
> Vertical component eject particles of the plan Oxz
on0X >0 ono0X <0 on0Y >0 on0Y <0
qv B B e -
@ I" . I, 7, 3
F F F F l
e —

18



II- GUIDED AND FOCALIZATION MAGNETS : DIPOLES, QUADRUPOLES, MULTI-POLES

Lens is focusing in the horizontal plane and de-focusing in the vertical plane.
If the quadruple is rotating by 90° or if the polarities are inverted, opposite effect is obtain. y

Hyperbolic pole
{ xx y = const

For mechanical and electromagnetic symmetry reasons : coit at ——
> By( X -y) = By(xy)
> By(-X, y) =-By(xy)
> By X, -y) =-B(Xxy)
> By(-x, y) = By(xy)

Therefore B, = B, = 0 atx = y = 0. A centered beam on the Oz axis is not deflected.

Or B, even iny, odd in x

Or B, odd iny, even in x

We can develop the transverse B, and B, magnetic field (see Taylor expansions) :

aBy .

B,(x,y) =0+ i + higher orders
0B, _

B,(x,y) =0+ Wy + higher orders

If we want a pure linear field, the pole profile is specific :

an,y
0z

From Maxwell equations (divB = 0, rotB = 0 with j = 0) taking B, =

= 0 and (r_m’ﬁ)zz(z—?‘—%)zo

= 0, we have :

v B =B 0By
div B = 7 T 3y
therefore B = — grad @ where @ is the magnetic potential

19



II- GUIDED AND FOCALIZATION MAGNETS : DIPOLES, QUADRUPOLES, MULTI-POLES

ing G = 2Bx _ 9By in:B. — _
Using G = 3y~ x we obtain : B, = Gy and B), = Gx
_0\ o
. g; 0x Gy
B=—grad @ = o | = _9% | =|Gx
_a )] O
0z
G 09 o : :
—o = Gy and — 3y = Gx, therefore @ = —Gxy : equipotential are equilateral hyperbola.

Physically, 4 poles of the quadrupole are materialized by the equipotential

Fields can be expressed in polar coordinates : x = rcos¢@ and y = rsin ¢
B, = By cos@ + By, sing = Gr(cos¢ sing + cos ¢ sin @) = Grsin2¢
B, = —Bysing + B, cos¢ = Gr(cos zgo — sin Zcp) = Gr Ccos2¢ ‘ @

Central axis of the quadrupole

We can observed that B = /B,? + B§ = Gr increase linearly with the quadrupole radius r.

Y

20



II- GUIDED AND FOCALIZATION MAGNETS : DIPOLES, QUADRUPOLES, MULTI-POLES

Field gradient G as a function of Ampere-turns (the current) in the quadrupole coils is determine by using

the Ampere theorem to C.

»I=¢ H.dl
NI = 3@ H(r).dr + f}é H.dl+ j H.dl
0to1(R) 1to 2 (Iron) 2to0
/B§+BZ
> FromOtol:H(r)zB(r)z RN R e e
Ho Ho Ho Ho
» Fromlto?2: H; = MBL ~0 because u, »> 1
OMr
> From2to0:H L di, therefore H.dl = 0
2 po NI

G (R G R? . —
N1~”—0f0 rdr~ m and the gradient G = —3

~

Particle travelling into a magnetic quadrupole of length L at a

distance x, from the central axis is deflected by :

_ _ L _ GLx
A6 = [Bdl=-[Bdl=""

.X'O _
O A6 B

X0

. 1
The quadrupole focal length is : 7= tm

X (mm)

= G—; with tan 8 ~A8

with R the quadrupole radius.




II- GUIDED AND FOCALIZATION MAGNETS : DIPOLES, QUADRUPOLES, MULTI-POLES

Example : Quadrupoles of the High Energy Beam Transport lines of the SPIRALZ accelerator
at GANIL — Caen

NI = 25160At and the diameter D = 128mm :

2 X 4w 1077 x 25160
Gmax theoric = (0.128/2)2

Turns N = 68 = [,,,,,, = 370A.
Due to Iron saturation, we have :
Gmax = 13T /m and on the pole B, = 13 X 0.128 = 1.664T
Vacuum pipe diameter is D,;,, = 120mm, R, for the particlesis R, =

= 1544 T/m

Magnetic length of the quadrupoles is L = 330mm.

> At SPIRALZ2 : maximum of the particles rigidity iS Bp,,qx = 2.58Tm

Deviation angle is therefore : tan 6 = G;:O = BXOS:SO'OG = 0.0997rad~AB and //
_Bp __ 258 i ,

f= GL  13x033 0.601m //

> At SPIRAL2 : minimum of rigidity is Bp,,,;, = 0.2069Tm :
tan 0 = % = 1.2441rad but 13T/m is too high for focusing these particles,
G~1T/m is more realistic therefore tan 6 = % = 0.0957rad~A8, and the
focal length is f = 02099 — 0.627m

1x0.33

22



II- GUIDED AND FOCALIZATION MAGNETS : DIPOLES, QUADRUPOLES, MULTI-POLES

R

Summarize : HEBT quadrupoles at SPIRAL2 Caen :

Goax = 13T /m, L., = 330mm, aperture radius= 64mm / "‘;jwomm
4 coils to 25160A.turn. RN

Yoke Iron weight : 750kg, 4 Coils Copper weight : 132kg. KA a ‘

L. = 3704, P, ., = 16.3kW (need water cooling) s \ /8

68 turns (Copper length 1.1m for One turn), water cooled along 75m circuit.

Few examples :
Calculation using
Poisson code of the
magnetic field in a warm
quadrupole.

<— Fjeld lines

O\ Vacuum pile for the

J

v beam

>

~ Pole / Yoke

23



II- GUIDED AND FOCALIZATION MAGNETS : DIPOLES, QUADRUPOLES, MULTI-POLES

Bend with combined function

> Used in synchrotron with strong focusing

» Combination of deflection and focalization using hyperbolic poles

B

533598 RAOERS
RaLLn| CRECRED
. =y,
S 3000 [ SEND ’
| CRECLT aaesNoL
s

" Ex:PSatCERN

Such bend can be considered like a quadrupole at a distance d from the center.

We can deduce B, and B, component of the field :

Using the new reference (x,y) to (X,Y): Y=y and X =x + d g

Rigaasrat

"%;—' JEAuRIE

> By =GY = Gy = B,

X

y A

—

24



II- GUIDED AND FOCALIZATION MAGNETS : DIPOLES, QUADRUPOLES, MULTI-POLES

Multipolar lenses (2 X n poles)

Strictly, expressions of the magnetic field components already seen are valid only close to the center of
the gap in a bend. Higher order of the Taylor expansion of the field B have been neglected and
transverses position of particles were small.

Therefore, it exist high order (non linear terms) terms due to finite dimensions of the pole surface :

Extension of the poles in the transverse Finite length of bend which induce
plane (section of hyperbole in quadrupole) a leakage field
y=1lmm, z=1mm — Plateau
- 0.5F < g
0.4
g %3 ]| Leakage
8 0.2 «<— 1| field
0.1
= 8.0 b e mocpgdigg oo pon Ui o 8
-300 -200 -100 0 100 200 300
x (mm)

> According amplitudes of non linearity (effects on the beam), the compensation of these defects can justify
the use of multipolar lenses. These lens create non linear fields at a given order.

» These elements correct induce aberrations.

> The much common lens use is the sextuple (or hexapoles).
25
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II- GUIDED AND FOCALIZATION MAGNETS : DIPOLES, QUADRUPOLES, MULTI-POLES

The sextuple case

Field components are :

_ __909 — G(x2 —y2) = _29
B, =2S8xz = axandBy—S(x y4) = %

We can verify : div B = 0 and (rotB) =

On y axis, integration give : @ = — g (Bx%y —y3)

Profile of poles are therefore : S(3x%y — y3) = const

Using Ampere-theorem, the turn-numbers NI are function to the S
force by :

R R
Lo B, ,
leng.dlszrdr f—dr— —Sr dr
0 0
SR3
NI = ™ with R the sextuple aperture radius
0

60° between poles.
Compensation of the chromatic
aberrations

26



II- GUIDED AND FOCALIZATION MAGNETS : DIPOLES, QUADRUPOLES, MULTI-POLES

Examples : magnetic super-conducting structures at accelerator facilities

RHIC

---------------------------

27



II- GUIDED AND FOCALIZATION MAGNETS : DIPOLES, QUADRUPOLES, MULTI-POLES

LHC at CERN

The
15-m long
.. LHC cryodipole




II- GUIDED AND FOCALIZATION MAGNETS : DIPOLES, QUADRUPOLES, MULTI-POLES

LHC at CERN

The
15-m long
" LHC cryodipole

-
/“' e

,‘» o it W‘\ ‘\\

ey &—-afn

| PP “ ™ 'f"'
ﬂ.: " / "-\. -; "' 1

'-..
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III- MAGNETIC FIELD AROUND THE REFERENCE TRAJECTORY

I11.1 Coordinate systems
Accelerators are structured by a succession of bending magnets and multipolar lenses (quadrupoles, sextupoles

)

In practice, we try to put these elements in the same horizontal plane which is call mid-plane.
For the calculation of the beam (a set of particles) motion, we describe the system in the single referential.

By convention, we use the system (X, s, z) with a reference trajectory (C) associated to a particle (impulsion p,)
We use also (x,z,y) system instead of (x, s, z).

(€) .
« X horizontal axis S M
- Z vertical axis :
- S beam axis X
: . . : \M
> (C) is astraight line in drift space and multipolar lenses o
> (C) isacurve with local curvature to 1/p(s) in
bending magnet where B, = (0,0, B,,) \
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III- MAGNETIC FIELD AROUND THE REFERENCE TRAJECTORY

R

111.2 Field Development

1 (0B 1 ’B
Inplanez=0:B.(z=0) = +a. X+a.x’+...=B. | 1+— 21 X+ 2| X2+,
p Z( ) aOO 01 02 z0 [ BZO ( ax jo ZBZO ( aXZ )0 J

B,(z=0) =B, (1-nhx+ Bh’x* +...)

2
Field index : n=— L [GBZJ , sextupolar terme : S = 21 ‘ E;Z
thO OX 0 2h Bzo OX 0

1 q . . _F/
dh=h(s)=—>—=——B hich is B, p="0
an (s) 5() P ,0(S) whichisByp A

B, (s)=h"B,y(-nh’z+2ph°xz +...)

The general formulas of the field , | -
s)=h"B,(hz—(nh’+2nhh"+hh ) xz+...)

components are : Bs(
B,(s)=h"B,, (h —nh?x + gh3x? —%(h" —nh?+2h*)2? +j

Some approximations have to be done for explain beam trajectories in a simple way.
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IV- PARTICLES MOTION AROUND THE REFERENCE TRAJECTORY

V.1 Equation of motion (C)

We can write the equation of motion without electric field :
. dv

— m — —
dt

q\7><l§

The general transverse motion is :

" ’ S q ‘V‘ ’ C,/"I:,_ —-“"”"_—""’_ _I’”_—
X" —h(1+hx)+x 7 :ms—z((n hx)B, —2'B,)

S =4 v (x'B,—(1+hx)B, )

If we keep only the first order in the motion equations and in the transverse fields :
In the horizontal plane : x"+(1-n)h’x = sh

In the vertical plane  : z"+nh*z=0
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IV- PARTICLES MOTION AROUND THE REFERENCE TRAJECTORY

At first order, horizontal and vertical motions are decoupled and independant :
X"+ K, (s)x=hs = f(s)
2"+K,(s)z=0

Expression to K, (s) et K, (s) depend to the crossing structures :

1 (0B,
hB,, \ ox ),

* Pure quadrupole : K, (s) :Bi et K, (s) :—Bg with G=—-nh’Bp est [G]=| -nh’Bp |=m*Tm =T /m
p p

+ In a drift (no field section) : K, (s)=K,(s)=0etx"=2"=0

+ Bending magnet with index : K, (s)=(1-n)h® and K, (s) =nh* where n =—

+ Dipolar bending magnet (n=0) : K, (s)=h? etK, (s)=0

» The motion equations are also called Hill’s equations

» K is also part of the general expression of the Hamiltonian function in accelerator physics
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IV- PARTICLES MOTION AROUND THE REFERENCE TRAJECTORY

V.2 General solution of the linear equation — Transfer matrixes

In the horizontal plane x : equation is : X"+ K, (s)x=x"+(1-n)h’x=h(s)5 = f (s)
The complete solution is :

K(8) = XC, () + XS, (5)+ 5 sx(s)i%((ss))ds—cx(s)iS;((:))ds —%,C, (5)+ %S, (5)+ Dy (5)5

X'(5)=%,C, (5)+%S,(s)+D,(s)d

In the vertical plane z : motion equation is : z"+K,(s)z=2z"+nh’z=0
The complete solution is :

2(s)=2,C,(5)+2,S,(5)
2'(s)=12,C,'(s)+ 12, S, (8)

X0, Xo » 251 Z, and & are initiales particles characteristics en s = 0.
Functions C(s), S(s) and D(s) are called principal trajectories.
D(s) function characterise chromatic properties of the system (dispersion function).
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IV- PARTICLES MOTION AROUND THE REFERENCE TRAJECTORY

We can write in matrix system :
x(s)) [Cx(5) S«(5)

D
xaxis: [ X'(s)|=|C,(s) S, (s) D,(s)]| % (s)|=T,| % (5)
s 0 0 1 | 5

Z axis : {Z(S)j: C.(s) SZ(S)][ZO(S) T [ZO(S)J
7(s)) 1) s/ (9)Nz'(s)) (7 (s)

With detT, =detT, =1. T, et T, are called matrix transfer between two plane.

In practice, beam lines are structured by various optical elements (dipoles,
quadruples, drift, ...).

We calculate the transfer matrix T,, T, of each single elements.

Total matrix transfer M,, M, Is the product of each single matrix T, ,.



IV- PARTICLES MOTION AROUND THE REFERENCE TRAJECTORY

Example :
System with 5 elements : from left to right :
dipole (T,), drift (T,), quadruple (T,), drift (T,), dipole (T;) :

I3

T4

i+1/x,z ilx,z " ilx,z

5
Withy =x orz,wehaveV, , , =T, V,  thereforeV  =[]T, V...
i=1

The full system matrix with 5 elementsisM _, =T, T, T, . T, T,
X(S) = Xinar = TarXo + Ty X , + 1,30

x12°°0
X'(S) = g = ToonXo + TuzoXo + 050

final x21°°0 x22°°0

2(8) =Xy = T1aZo + 1,102,

final z1170
2(s)

[
= Tzlle + T212 Z,

Xfinal
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IV- PARTICLES MOTION AROUND THE REFERENCE TRAJECTORY

V.3 Transfer matrix of perfect optical elements

At first order magnetic field component B,, B, et B, are :

(s)
For bending magnets (with index n=0) : < B,(s)=B,;h"hz
(s)

For quadruples with G =

R2

21Nl

40



IV- PARTICLES MOTION AROUND THE REFERENCE TRAJECTORY

a - Magnetic length

At first order, we can replace real curves B, (s) ou G(s) by acrenel to length L.

” BZ S dS L2 A Pproxanation crensan
Lm — I_w 0( ) fOI‘ dlpOIe - = Profil de chump rel
H BzOmax ; / \
With : < £ 08 .
I+wG (s) ds - / Magnetic length K
L, =—=——— for quadruple
G g
" J Iron length \

<400 «3H) (M) ] 1] OO 200 N

Axe longihudimal s ()

b- Sector dipole magnet
For this dipole K, (s)=h* and K, (s) =0, motion equations are : x"+h*x=hs and z" = 0.

cosd  psingd  p(1-cosb) DL
T, =|-sind/p cosd sin@ and T, :(O J 90°
0 0 1

with Qz%

At first order, the bend is focusing in the horizontal plane and a drift in the vertical plane.
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IV- PARTICLES MOTION AROUND THE REFERENCE TRAJECTORY

c- Bend with combined functions

For this dipole K, (s)=(1-n)h? and K, (s) =nh?, motions equations are : X"+ (1-n)h*x =hs et 2"+ nh*z =0

3 cases to take into account according index range n = — K

X,Z

L (6sz (n<0,0<n<landn>1). With ¢, = L avec L = pb
0

hB,, \ ox

* N <0 : horizontal focusing, vertical defocusing
oS @, sing, /I | (1-cosp, )/ (p|K,|)

T 2| —JiK]sing, 05, Sin@/(p@) o Tz_[ cosh g, Sinhqoz/\/WJ

K |sinh g, cosh g,
0 0 ) VIK [sinhe ¢

* 0 <n<1:horizontal and vertical focusing
oS, sing, /K | (1-cosg,)/(p|K,|)

T, =| K [sing,  cosg, singpxl(p\/W) and TZ_[ P sin(pzl\/ﬂ]

JIK [sing, COS @,
0 0 1

* n>1: horizontal defocusing and vertical focusing
coshp,  sinhg, /\fik| (1-coshe,)/(p|K,|)
i /
T, =| Ik [sinhg,  coshg, sinhgoxl(p\m) and TZ=£ e SN, \/WJ

— /|Kz|sin ?, COS g,
0 0 1

* For n =1, dipole is a drift in the transverse planes
42



IV- PARTICLES MOTION AROUND THE REFERENCE TRAJECTORY

d- Contribution of the dipole with entrance and exit face angle

Transfert matrix associated to the turned face :
1 00

X

—tang/ 1
0 0 1 erp

For ¢ >0, beam is defocusing in horizontal and focusing in vertical plane.

1 0
T,={tane/p 1 O0]andT, :( j , with & angle of the entrance or exit face.
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IV- PARTICLES MOTION AROUND THE REFERENCE TRAJECTORY

e- Transfer matrix of the quadruple

At 1% order, motion equations are :

: G
"+K =0 with K, (s)=—
X"+ K, (s)x=0 with K,(s) 5
2" 1K, (s)2=0 with K, (s)=——
Bp

For G>0, K, (s)=K :Bi >0 . With p=VKL , L is the magnetic quadrupole length.
o,

cosg  sing/JK 0
T, = —x/Esingo CoS @ Ol and T :(

coshg  sinh (p/\/RJ
0 0 1

JK sinh 1 cosh ¢

For G > 0 quadruple is beam focusing on horizontal plane and defocusing in vertical plane.
For G < 0 quadruple is beam defocusing on horizontal plane and focusing in vertical plane.
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IV- PARTICLES MOTION AROUND THE REFERENCE TRAJECTORY

f- Thin lens

Thin lenses are use at the very beginning of a project.

A quadruple (length L) is a thin lens with 2 drift space to length.

1 00

T,=|-KL 1 0
0 0 1
1 0

TZ: =
KL 1}

focusing  defocusing
AN A
v A

M
L/2| L2
5 ]
——} .
v
A
~ax, o (2)
S
N T o~
© 1
v
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IV- PARTICLES MOTION AROUND THE REFERENCE TRAJECTORY

g- Matrix of the drift space to length L

XA

Motion equations in a drift are :
x"(s)=0 and Zz"(s)=0
with K, (s)=K,(s)=0and hs =0 because p=1/h —

_|

Il
o O -
o - -
O O
QD

S

o

_|

Il
TN
—
~—
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IV- PARTICLES MOTION AROUND THE REFERENCE TRAJECTORY

h- Some keys words

Dispersion:  D,(s)=T,,(s)= position dispersion. Images position on x becomes Ax(s)=T,,, (s

Ap
)po

D, (s)=T,,(s)= angular dispersion

Achromatic system :

System resolution :

* Achromatic in position if T,,, =D, =0

=0
* Fully achromatic for T ,, =T ,, =0

!
X

* Achromatic inangle if T, ,, =D

In an point to point system (T,,, =0), resolving power is :

_ P _ Tx13
AP 12X T

0" x11

. 2X, IS the transverse beam extension (size).
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V- BEAM ENVELOP AND EMITTANCE

V.0 Introduction

A beam is a set of particles with different initials conditions values (X,, x’,, Z,, Z’, €t 8). What
happened to this set of particles along a line in terms of trajectories. We take about beam

envelope.
2 20+ L !
104 »
15 o .
E T w.'—“—J
i 0 .
"] - e 0] * e e N
5- o N e ,
20 - v _ ‘20 v [ | . - . 90
T 4L - 0 5 10 15 20 25
E o ,:‘ i - S = Position ( m )
20 U
- I}
e ~~ 104 =
-10 P (= had e
< e 0 r— e eem— aa
[ d-'-
15~ >-'10' J\V = '
9003
=20 > r
= DIMDIB G TR RAARIRE 5 Sl TCe? ST G I R P ; . — . s
Pasition sur Faxe s (m) 0 5 10 15 20 25

Position ( m )

At first order, horizontal and vertical motion are decoupled.

" Aysuap somod apauey

Aysuap samod a)dnueq :
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V- BEAM ENVELOP AND EMITTANCE

V.1 Phase space and emittance ellipse
For each particle of the beam, we give a point in the phase space (x,X’) et (z,2°).
In each plane, the surface occupied by all particles define the phase extension or beam emittance.

In the general case, complete phase space is 6 dimensions x, x’, z, z’, 1, d where | is the trajectory
length difference of the beam particles.

»>We define I', et I', curves which contain the particles,

> It exist a transformation law during the movement
(Liouville theorem)
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V- BEAM ENVELOP AND EMITTANCE

The Liouville theorem

The particle density in the phase space is constant during the movement.
Surfaces A, , of phase space is conserved.

X0ouZz

We introduce the normalized emittance &, = B7€ somerique =CONStante,

Where represente the surface A, = ze in one plane

geometrique X

cte : :
g, =—— = beam emittance decrease when beam speed increase.

" By
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V- BEAM ENVELOP AND EMITTANCE

The general equation of these ellipses is :

&y

v,y +2a,yy' + B,y - with y = x or z

: ; f i : T 2 _
with ¢  the ellipse surface and «,, B, y, coefficients which verify: gy —a =1.
a,, B,, v, are named Twiss parameters

A.v‘

Y max™ o2

Vi = 'dct o
t Jimt
Centre e,

du faisceau
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V- BEAM ENVELOP AND EMITTANCE

s —a o
We define the o beam matrix like : o =—y[ A yj =[ H
T _ay 7y 621
. 2 gy gy
T T
! ! O- !/
Also ; Y max :afﬁll, Ymax =021 Y (ymax): \%’ y(ymax):
O
e 2
If =0 (021 = 0), ellipse is adapted, ona: deto = (—j =y Ve
T

a#0 (0, #0)

O3,

01,

Oy

|

8)/ 8)/ 2
— 3, and deto =| —
T

T

rertie
du faisceau
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V- BEAM ENVELOP AND EMITTANCE

V.2 Transport of the emittance ellipse
: 2 ' 2 _ ¢ t -1
Knowing yy“+2ayy'+py“=—andY oY =1,
T

with : Y :(y,] and O—;f[ p _QJZ{GM 012]
y T\~ 7 Oy Op

From longitudinal position s=0 to s=1 with transfer matrix T
we have o, =To, T

Oyq T1:2L 2T, T, Tlg Oy
Wehavealso: | o, | =| T, T, T,T,+T,T,, T,T, || o,
022 )1 T221 2T, Ty, T222 02 ),
ﬂ Tli _2T11T12 Tlg ﬂ
With the Twiss parameter : | o | =| —T,,T,;, T, T,+T,T,, —T,T, || &

V) T221 —2T,,T,, T222 Y )



V- BEAM ENVELOP AND EMITTANCE

1 — Ellipse transformation in a drift space to length L :

The drift space transfer matrix is T = (1 LJ

01
Y1 =Yo+LYo 011(81) = 011(S0 )+ 2Ly (S ) + L0 ()
Vp=TV,, = {y{=y6 = 102(%)=02(%)+ Lo (%)
0'22(51)=O-22(SO)
deto

We have y,, = =cte and Yy, =4/0p, =Cte

22

2 — Ellipse transformation in a focusing lens (same for quadrupole) :

A
1 0 ¥ ma= 0
o Ccos inp /K S T ey :
Quadrupole transfer matrix is ¢ sing VK or thin lense 1 i\ [
—~/Ksing  cose -+ 1 8 - b
o0 =t
yl=y0 nn'
V, =TV, = 4, 1 , 57
. v Y1 = _? Yot Yo i
deto

We have y!, = =cte and Y, =0y, =Cte

11

3 — Ellipse transformation in a defocusing lens (same for quadrupole) :

10
. cosh inhg/ VK .
Quadrupole transfer matrix is ¢ simhe or thin lense | 1
JKsinhg  coshg T 1

Y1=Yo
’ 1 !
W:T%+%

V=TV, = k

deto

We havey’ = =cte and yp,, =+/oy; =cte

11
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V- BEAM ENVELOP AND EMITTANCE

R
—

V.3 Effect of the dispersion energy
For 2 individual particles

0
Particle 1 : x,, =X, =0et 6, =0 = p, =p, therefore V,, =| 0
0
0
Particle 2 : x,, =x), =0 et §,=5 = p, = p,(1+J) therefore V,, =| 0
o

For azimuth s after a bend :

{x(s) =C,(S)% +S,(s)X, + D, (s)5
X'(5)=Cy(S)X, +S,(5) X% +Dy(s)o

Particle 1:x (s)=x/(s)=0Vs
Particule 2 : x,(s) =D, (s)d and x;(s) =D, (s)S

2 particles spread to Ax proportionally to ¢ and local dispersion D, (s) in the matrix transfer.
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V- BEAM ENVELOP AND EMITTANCE

I

V.3 Effect of the dispersion energy

For a set of particles with same transverse phase space in 0 at +Ap deviation

%

X \ PN X S maxp = x S i
| +A
Ax.‘m OP() p
AX
Po
Fo‘cale A
Po-AP (5 =[5 ()% 4D
. . - - . &
For a given value of p, , beam extension is identical Xx(s) . .=, B(s)=*
T

Position spread of the beam center for each p. is Ax=D, Ap/ p,

Total extension of the complete beamis : x(s) =.// (s )— +D,5,

X~ max
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V- BEAM ENVELOP AND EMITTANCE

Resolving power

We can design an optical system with :
dispersion function (T, = 0) and focalisation at a given azimuth s (T,, =0).

Focale AX = 2X

L : : : A A
In this dispersive plane, images center is : AX_., = D, AP _ D,dx = Tis P
Po Po
. : Ap : :
It existe a quantity o, = — where images are juxtaposed,

0
instead Ax =T,5, = 2%, where X is the FWHM of the monochromatic image.

gX
2% 2 ﬁx -
o, is called resolution power of the system: 6, =R=—= 44




V- BEAM ENVELOP AND EMITTANCE

Example with the dispersion section of the LISE (Ligne d’Ions Super Epluches) spectrometer at GANIL in Caen.

Section length : 7.46m D encm/%
‘({\J‘*‘ Full spectrometer length : 43m l
3
'Q;gz!*{' 1t Transfer matrix of the section (units : cm, mrad, %):

-0.73928 0.00017 0.00000 0.00000 0.00000 -1.65347
Target (object)  8.65925 -1.35471 0.00000 0.00000 0.00000 -3.59935
2 quads 0.00000 0.00000 -3.73131 -0.00203 0.00000 0.00000
0.00000 0.00000 -6.96975 -0.27180 0.00000 0.00000

45° bend
-1.69788 0.22406 0.00000 0.00000 1.00000 -0.20355
0.00000 0.00000 0.00000 0.00000 0.00000 1.00000
2 quads ’I Bo
J
A»—-\«»«u&;——‘:%w~ LISES
5m -
CGCANILL

Dispersive plane
(image)

R. Beunard et F. Legruel

1 | 68
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V- BEAM ENVELOP AND EMITTANCE

Example with the dispersion section of the LISE (Ligne d’Ions Super Epluches) spectrometer at GANIL in Caen.

2 quads

so

¥ q bs 45° bend

B
Be target " o]
. PN =y S |
e - = TR i o ¢
= TS + - '.;. e s
e O . -3 S ot il
ﬁo..;... e o -y M| S o B 0 o w0l ' =
= T T/ T— s — 1% bl i
S ’ Pee e i
i s gty
- - v ey >
-20 s P
=
- =
-AD
60 +—1 S
[ 2 3 4 & 7
Fostion (m)
80+ 1

a0

All secondary beam summed .-

o S

20

X (rm)
o
{

-20

A0

B0 —- —_—
]

Postian |m)

Dispersive plan

Primary, \ (image)
bheam on i, I

Each spot can be secondary beam
produce in target with § = 1%

D=-16.5mm/%
0=-2%
§=20p € —

<> §5=-1%
20 0=1%

8

R
5

20 o 20 40 60

2x0.6528
—-16.535

Resolving power of this spectrometer is 6, =R = i—x =—————=0.079%~0.1%
13
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